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Outline

Three or more variable interactions, comparison with conditional

dependence testing [seidimovicetat, 2otsal
Dependence detection in detail, covariance operators
Choice of kernel to maximise test power crettonet=t a2y

Supervised learning with distributions as inputs sitkrittumetat [2ots), Szabeerat
[2015]
Recent work (2014/2015) (not in this talk, see my webpage)

— TeStlng fOI‘ tlme Sel‘ieS Chwialkowskiand_Gretton 2014, Chwialkowskiet—all [2014]

— Infinite dimensional exponential families sriperum [2014]

— Adaptive MCMC, and adaptive Hamiltonian Monte Carlo sejdinovicersat

(201, Strathmanmet—ah [2015]



Lancaster (3-way) Interactions



Detecting a higher order interaction

e How to detect V-structures with pairwise weak individual dependence?
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Detecting a higher order interaction

e How to detect V-structures with pairwise weak individual dependence?

e X LY, YL Z X 1 Z

o X,Y "5 N(0,1),

o Z| X,Y ~sign(XY)Exp(—=)

1
V2

Faithfulness violated here



V-structure Discovery

Assume X 1 Y has been established. V-structure can then be detected by:

e Consistent CI test: Hg : X I Y|Z Fucumizrerat, 2008, zZhang-etat, 2011, OF



V-structure Discovery

Assume X 1 Y has been established. V-structure can then be detected by:
e Consistent CI test: Hg : X I Y|Z Fucumizrerat, 2008, zZhang-etat, 2011, OF
e Factorisation test: Ho : (X,Y) 1L Z VvV (X, Z2) L Y vV (V,Z) 1L X
(multiple standard two-variable tests)

— compute p-values for each of the marginal tests for (Y, Z7) 1L X,
(X,Z) LY, or (X,Y) L Z

— apply Holm-Bonferroni (HB) sequentially rejective correction
(Holm 1979)



V-structure Discovery (2)

e How to detect V-structures with pairwise weak (or nonexistent)

dependence?

e X LY. VI Z X1 Z

X1 vs Y1 Y1 vs Z1

i Xla Yl Z;L\Jd (07 1)7

* VS 1 1
X1*Y1 i :Z:1 ... . ® Zﬂ Xl’ Y1 ~ s1gn(X1Y1)E$p(ﬁ)
1.2.d.

* X2:p7 Y2:p7 ZQ:p ™~ (O, Ip—l) Faith-

fulness violated here



V-structure Discovery (3)

V-structure discovery: Dataset A
A e e S

—+}+—— 2var: Factor

— 85— Cl: X1.Y|Z

Null acceptance rate (Type Il error)

1 3 5 7 9 11 13 15 17 19

Dimension

Figure 1: CI test for X 1 Y|Z from Zhang et al (2011), and a factorisation test
with a HB correction, n = 500



Lancaster Interaction Measure

[Bahadur (1961); Lancaster (1969)] Interaction measure of (X1,...,Xp) ~ P is
a signed measure AP that vanishes whenever P can be factorised in a

non-trivial way as a product of its (possibly multivariate) marginal
distributions.

o D=2: ALP:P)(y—PXpy
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non-trivial way as a product of its (possibly multivariate) marginal
distributions.

o D=2: ALpszy—PXpy

e D=23: AP = Pxyz — PxPyz — Py Pxyz — PzPxy +2Px Py Py



Lancaster Interaction Measure

[Bahadur (1961); Lancaster (1969)] Interaction measure of (X1,...,Xp) ~ P is
a signed measure AP that vanishes whenever P can be factorised in a

non-trivial way as a product of its (possibly multivariate) marginal

distributions.
o D=2: AP = Pxy — PxPy
o D=23: AP =Pxyvy — PxPyy — PyPxy — P;Pxy + 2Px Py Py
AP =

+2Px Py Py

Pxyz —Px ;j@ Q{%@ @ @
O



Lancaster Interaction Measure

[Bahadur (1961); Lancaster (1969)] Interaction measure of (X1,...,Xp) ~ P is
a signed measure AP that vanishes whenever P can be factorised in a

non-trivial way as a product of its (possibly multivariate) marginal

distributions.
o D=2: AP = Pxy — PxPy
o D=3: AP =Pxyvy — PxPyy — PyPxy — P;Pxy + 2Px Py Py

AP =0

Py, —BxPy, “PrPrs “PrRex T2PoRPy
O O © ©

0O, O,

Case of Py 1 Py



Lancaster Interaction Measure

[Bahadur (1961); Lancaster (1969)] Interaction measure of (X1,...,Xp) ~ P is
a signed measure AP that vanishes whenever P can be factorised in a

non-trivial way as a product of its (possibly multivariate) marginal

distributions.
o D=2: AP = Pxy — PxPy
o D=3: AP =Pxyvy — PxPyy — PyPxy — P;Pxy + 2Px Py Py

(X,Y) L ZV(X,Z) LYV (Y,Z) L X = A,P=0.

...s0 what might be missed?



Lancaster Interaction Measure

[Bahadur (1961); Lancaster (1969)] Interaction measure of (X1,...,Xp) ~ P is
a signed measure AP that vanishes whenever P can be factorised in a

non-trivial way as a product of its (possibly multivariate) marginal

distributions.
o D=2: AP = Pxy — PxPy
o D=3: AP =Pxyvy — PxPyy — PyPxy — P;Pxy + 2Px Py Py

AP=0%(X,)Y)LZV (X,Z2) LYV (Y,Z) L X

Example:

P(0,0,0) =0.2 | P(0,0,1) =0.1 | P(1,0,0)=0.1 | P(1,0,1) = 0.1
P(0,1,0)=0.1 | P(0,1,1) =0.1 | P(1,1,0)=0.1 | P(1,1,1) = 0.2




A Test using Lancaster Measure

e Test statistic is empirical estimate of ||u, (A LP)H%R , Where
k=kEQIQm:

lpw(Pxyz — Pxy Pz — -+ )|l3, =

<ILLK,PXYZ7/*LK‘,PXYZ>H& - 2 </’LI€PXYZ7 ILLKJPXYPZ>HR « ..



Inner Product Estimators

v\v Pxyz Pxy Pz Px z Py Py z Px Px Py Pz
Pxvyz (KoLoM), . (KoL)M), | (KoM)L), (MoL)K), tr(Ky oLy oM_)
Pxy Pz (Ko L)++ M4 (MKL)_H_ (KLM)_H_ (KL) 44+ My 4
Px 7z Py (KoM), Ly (KML), | (KM) 44 Ly
Py 7z Px (LoM),  Kiy (LM) Ky
Px Py Pz KitLyp Mgy

Table 1: V-statistic estimators of <,u,{V, ,u;d//>H




Inner Product Estimators

v\v Pxyz Pxy Pz Px z Py Py z Px Px Py Pz
Pxvyz (KoLoM), . (KoL)M), | (KoM)L), (MoL)K), tr(Ky oLy oM_)
Pxy Pz (Ko L)++ M4 (MKL)_H_ (KLM)_H_ (KL) 44+ My 4
Px 7z Py (KoM), Ly (KML), | (KM) 44 Ly
Py 7z Px (LoM),  Kiy (LM) Ky
Px Py Pz KitLyp Mgy

Table 2: V-statistic estimators of <,u,{V, ,u;d//>H

1
| (ALP)|3;,. = — (HKH o HLH o HMH) , , .

n

Empirical joint central moment in the feature space




Example A: factorisation tests

Null acceptance rate (Type Il error)

V-structure discovery: Dataset A

0.8F - -

0.6

0.4

0.2

o

—}+—— 2var: Factor

—+—— Ay : Factor

— 85— Ch X1Y|Z

1 3 5 7 9 11 13 15 17 19

Dimension

Figure 2: Factorisation hypothesis: Lancaster statistic vs.
based test (both with HB correction); Test for X 1 Y |Z from Zhang et al

(2011), n = 500

a two-variable



Example B: Joint dependence can be easier to detect

Xl, Yl zz,vd N(O, 1)

(X12—|—e, w.p. 1/3,

Zy=<{Y2+e  wp. 1/3, wheree~N(0,0.1%).
\XlYl +¢€, w.p. 1/3,

1.7.d.
X2:p7 Y2:p7 ZQ:p ~ N(O, Ip—l)

dependence of Z on pair (X, Y) is stronger than on X and Y individually
Satisfies faithfulness



Example B: factorisation tests

Null acceptance rate (Type Il error)

0.8 L o

0.6

0.4}

02 L

o

V-structure discovery: Dataset B

—+—— 2var: Factor

——+—— A : Factor

— 85— Ch X1Y|Z

1 3 5 7 9 11

Dimension

13 15 17 19

Figure 3: Factorisation hypothesis: Lancaster statistic vs.
based test (both with HB correction); Test for X 1 Y |Z from Zhang et al

(2011), n = 500

a two-variable



Interaction for D > 4

e Interaction measure valid for all D
(Streitberg, 1990):

AgP =) (=1)"(|x| = DIIP
— For a partition 7, J,; associates to
the joint the corresponding

factorisation, e.g.,
J13j2a P = Px, x5 Px, Px,.-



Interaction for D > 4

e Interaction measure valid for all D
(Streitberg, 1990):

AgP => (-1)"=(|x| = DIIP
T
— For a partition 7, J,; associates to

the joint the corresponding

tactorisation, e.g.,
J13j2al’ = Px, x5 Px, Px,.

..........

0000000000

..........




Interaction for D > 4

e I[nteraction measure valid for all D
Bell numbers growth

(Streitberg, 1990): D1e+19-
_ _1)\I7l—1 _ 1\ Slerta-
AgP =) (=)= (ja| = DIJP e
™ S
E1e+09-
o . . ©
— For a partition m, J, associates to e
. . . - 1e+04-
the joint the corresponding g o
. . =)
factorisation, e.g., < 1357 911 15,1'51'71'92'1 23 25

J13j2a P = Px, x5 Px, Px,.-

joint central moments (Lancaster interaction)
VS.

joint cumulants (Streitberg interaction)



Total independence test

e Total independence test:
Ho : Pxyz = PxPy Pz vs. Hy : Pxyz # PxPy Py



Total independence test

e Total independence test:
HO . PXYZ = PXpyPZ VS. H1

: Pxyz # PxPy Py

e For (Xy,...,Xp) ~ Pk, and/f:@k(i):
1=1
2
D 1 n n D 0 n D n 0
S 1] B 90 9 LEEPD 0 | DL
\ 1=1 J a=1 b=1 i=1 a=11=1 b=1
Aot P A,
1 D n n )
+ o [I2 DK
1=1a=1 b=1

e Coincides with the test proposed by Kankainen (1995) using empirical

characteristic functions.



Kernel dependence measures - in detail



MMD for independence: HSIC

’
[
‘, J Their noses guide them through life, and
‘ K they're never happier than when following
an interesting scent. They need plenty of

exercise, about an hour a day if possible.

A large animal who slings slok
distinctive houndy odor, and

than to follow his nose. They
amount of exercise and ment

Known for their curiosity, intelligence, and
excellent communication skills, the Javanese
breed is perfect if you want a responsive,
interactive pet, one that will blow in your ear
and follow you everywhere.

Text from dogtime.com and petfinder.com

Empirical HSIC(ny, PXPy):

1
5 (HKH o HLH) .,



Covariance to reveal dependence

A more intuitive idea: maximize covariance of smooth mappings:

COCO(P; F,G) == sup  (Exy[f(x)g(y)] — Ex[f(x)|Ey[g(y)])

1fll7=1,llgllg=1



Covariance to reveal dependence

A more intuitive idea: maximize covariance of smooth mappings:

COCO(P; F,G) == sup  (Exy[f(x)g(y)] — Ex[f(x)|Ey[g(y)])

1fll7=1,llgllg=1

Correlation: —=0.00

15
N
0.5 ,:.‘ 2
> 0
0.5 K
15

Xot .5



Covariance to reveal dependence

A more intuitive idea: maximize covariance of smooth mappings:

COCO(P; F,G) == sup  (Exy[f(x)g(y)] — Ex[f(x)|Ey[g(y)])

1fll7=1,llgllg=1

Dependence witness, X

0.5
Correlation: —0.00
1.5 - 0
. =
1 . S’ -0.5
0.5 - ! 1
: : -2 0 2
> Of i 1 X
. Dependence witness, Y
0.5
-0.5¢} i
o,
-1 e “: = 0
kS
-1.5 - 05
-2 0 2
X 1
-2 0 2



Covariance to reveal dependence

A more intuitive idea: maximize covariance of smooth mappings:

COCO(P; F,G) == sup  (Exy[f(x)g(y)] — Ex[f(x)|Ey[g(y)])

1fll7=1,llgllg=1

Dependence witness, X

0.5
15 Correlathn. -0.00 Correlation: -0.90  COCO: 0.14
: 0 1 . .
. =
1 ... .-” .:. ~05
o . 0.5f
0.5 ) - ' 1 £
: : 2 0 2~
> of . R X < 0 e
. Dependence witness, Y = .
0.5 Ld
—05 s ]
s 4 -0.5 t
—1 sotem s = 0 -2
D 1 , .
~1.5 - 05 1 -05 0 0.5
X 1
-2 0 2



Covariance to reveal dependence

A more intuitive idea: maximize covariance of smooth mappings:

COCO(P; F,G) == sup  (Exy[f(x)g(y)] — Ex[f(x)|Ey[g(y)])

1fll7=1,llgllg=1

Dependence witness, X

0.5
15 Correlatlgn. -0.00 Correlation: -0.90  COCO: 0.14
. 0 ] | |
. =
1 ... .—” .-“ 05
o . 0.5f
0-5 [ » Re 1 ’ $ :..:..
: : 2 0 2
> of . R X < 0 .
. Dependence witness, Y o . . .
0.5 L
—05 s ]
: -0.5 ‘
-1 » ..: = 0 K
> 1 | |
-1.5 ' 09 1 ~0.5 0 0.5
-2 0 2 (X)
X 1
-2 0 2
y

How do we define covariance in (infinite) feature spaces?



Covariance to reveal dependence

Covariance in RKHS: Let’s first look at finite linear case.

We have two random vectors x € R?, y € RY. Are they linearly dependent?



Covariance to reveal dependence

Covariance in RKHS: Let’s first look at finite linear case.
We have two random vectors x € R?, y € RY. Are they linearly dependent?

Compute their covariance matrix: (ignore centering)
. T
Cpy = E (xy )

How to get a single “summary” number?



Covariance to reveal dependence

Covariance in RKHS: Let’s first look at finite linear case.
We have two random vectors x € R?, y € RY. Are they linearly dependent?

Compute their covariance matrix: (ignore centering)
. T
Cpy = E (xy )

How to get a single “summary” number?

Solve for vectors f € RY, g € RY

argmax fTnyg = argmax Ey, [(fTX> (QTYH

1f1I=1,llg]=1 1 £1l=1,]lg]|=1
= argmax Ey,[f(x)g(y)] = argmax cov (f(x)g(y))
| £1I=1,]lgll=1 1 £11=1,]lg]|=1

(maximum singular value)



Challenges in defining feature space covariance

Given features ¢(z) € F and ¢(y) € G:

Challenge 1: Can we define a feature space analog to z y ' ?
YES:

e Given f e R%, ¢ ¢ Rd/, h € Rd/, define matrix f g' such that
(fg")h=f(g"h).

e Given f € F, g € G, h € G, define tensor product operator f ® g such
that (f ® g)h = f{g,h)g.

o Now just set f:= ¢(z), g =(y), to get 7y’ — d(z) @ Y(y)

e Corresponds to the product kernel:

(p(x) ® Y(y), d(z") @ (y")) = k(z,2")l(y,y')



Challenges in defining feature space covariance

Given features ¢(z) € F and ¢(y) € G:

Challenge 2: Does a covariance “matrix”’ (operator) in feature space exist?
g p p

I.e. is there some C'xy : G — F such that

(s Cxyg)r = Exy[f(X)g(y)] = cov (f(x), g(y))



Challenges in defining feature space covariance

Given features ¢(z) € F and ¢(y) € G:

Challenge 2: Does a covariance “matrix” (operator) in feature space exist?

I.e. is there some C'xy : G — F such that

(s Cxyg)r = Exy[f(X)g(y)] = cov (f(x), g(y))

YES: via Bochner integrability argument (as with mean embedding).
Under the condition Ey (\/ k(x,x)I(y, y)) < 00, we can define:

Cxy = Eyy [¢(x) @ ¥(y)]

which is a Hilbert-Schmidt operator (sum of squared singular values is finite).



REMINDER: functions revealing dependence

COCO(P; F,G) := " f}lﬁ) - (Exy [f(x)g(y)] = Ex[f(X)]Ey[g(y)])

Dependence witness, X

0.5
15 Correlatlcl)n: -0.00 Correlation: -0.90 COCO: 0.14
: 0 1 . .
1 . oo .3' .:. . _05
L L 0.5
0.5¢ ‘e v ] ’ $ ..
: : "o 0 > ":-..-
> 0 .- R X S 0 .
. Dependence witness, Y o .
0.5 L
_0-5 [ (Y ¢
R -0.5 ¢
_1 . “.: /; 0 »vo
S ’ | |
-1.5 ' 0% 1 05 0 0.5
X -1
-2 0 2

y
How do we compute this from finite data?



Empirical covariance operator

The empirical feature covariance given z := (x;,y;);—q (now include

centering)

Cxy = Zmz R Y(Yi) — fla @ fiy,



Functions revealing dependence

Optimization problem:

COCO(z: F,G) = C
(25 F,G) := max <f XY9>]__
subject to ||f||lF <1
lgllg <1

Assume

=il — il 9= Ailbw) — i)

The associated Lagrangian is

A
2

L(f.9:07) = (£ Cxvg) =5 (IF1F=1) = 5 (lgllg 1),

where A > 0 and v > 0.



Covariance to reveal dependence

e Empirical COCO(z; F,G) largest eigenvalue of

1NN__ - — - - -

0 — KL Q I? 0 Qv
1~~ =7 ~
“LK 0 5 0 L 5

/”L - - - - - -

e K and L are matrices of inner products between centred observations in

respective feature spaces:

- 1
K=HKH where K;=k(z;,z;) and H=1--11"
n



Covariance to reveal dependence

e Empirical COCO(z; F,G) largest eigenvalue of

1 — 7] — —_ . . —_ — —_

0 — KL Q K 0 Qo
1~~ =7 ~
“LK 0 5 0 L 5

/”L - - - - - -

e K and L are matrices of inner products between centred observations in

respective feature spaces:
~ 1
K=HKH where K;=k(z;,z;) and H=1--11"

e Mapping function for x:

f@) = ai | Kziw) = = > k()



Hard-to-detect dependence

Smooth density

Rough denS|ty

4

Density takes the form:

P,y o< 1+ sin(wx) sin(wy)



Hard-to-detect dependence

COCO vs frequency of perturbation from independence.



Hard-to-detect dependence
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Hard-to-detect dependence

COCO vs frequency of perturbation from independence.

Case of w = 2

Dependence witness, X

Correlation: 0.04 0 ‘ Correlation: 0.51  COCO: 0.07
- - - 0.6 : - -
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Hard-to-detect dependence

COCO vs frequency of perturbation from independence.

Case of w =3

Correlation: 0.03
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Hard-to-detect dependence

COCO vs frequency of perturbation from independence.

Case of w =14

Correlation: 0.03
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Hard-to-detect dependence

COCO vs frequency of perturbation from independence.

Case of w =77

Correlation: 0.00

... "u"f.:.".i “".;.i E..l .i

% B e it eeBeg ° o

Pl e Sh A S

PR SARRIIE I
L] Y ) [ ] ...

Sy o W A S S

‘ac° © Foog’ o’ 8% Ol Y
RN SR

3
4

-2 0 2

Y\y/

0.5

-0.5

0.5

Dependence witness, X

Correlation: -=0.13  COCO: 0.02
0.6 : . .

A IR AR R AR e
.-l“ $ o ° _':' R ;. --.:‘
3 $see BT o3 .
04 i G ._\ °ve, Co0 e e N :!.-'
Pt B e LR
wt e et A S S
0.2 | .':..'.‘ a.. ‘;: s . --'-‘ “ g:.??.'oi.-’
¥ ete PO .. .’.‘-'
-2 0 2 i 7.".'< ,..'-::. oy ;:.. ..}%_
x ~ O EihEdN
Z P e T D SRR Y
~— et .., ...,.:-'.
[ o P S L LTI S
Dependence witness, Y -0.2} A E T e T
e by SN
h. RHRLE SR N X
- r N e 0 I
0-4 wte W e O ..i, :;‘-"..- ..g
s S . k
\: LS :'.."' ) o5
-0.6}
-0.8

-1 -0.5 0.5 1




0.5

-0.5

Dependence witness, X
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Hard-to-detect dependence

Correlation: 0.00
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This bias will decrease with increasing sample size.

Case of uniform noise!
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Hard-to-detect dependence

COCO vs frequency of perturbation from independence.

e As dependence is encoded at higher frequencies, the smooth mappings

f, g achieve lower linear covariance.

e Even for independent variables, COCO will not be zero at finite sample

sizes, since some mild linear dependence will be induced by f, g (bias)

e This bias will decrease with increasing sample size.



Hard-to-detect dependence

frequency

increasing
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e Example
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COCO (empirical average, 1500 samples)

3 4 5 6
Frequency of non-constant density component

2

1

0.1
0.09r
0.08|

0000
00000y
0000e
010100

hv -ro

00

0.07r

0000
00000000
00000000

00000000

c(@@@@@mm
00000000 g

00 000000
00000000
00000000

000000
000000
{‘@'{.
000000
@@@@@@
000000

0.03|

0.02r
0.01
0

000000000000
0000000000600
6060000000000
600000000000
600000000000
000000000000
000000000000
0000060000000
000000000000
000000000000
6000000006000
000000000000

0000000000
0000000000
0000000000
00000000060
0000000000
0000000000
0000000000
00000600000
0000000000
0000000000



More functions revealing dependence

e (Can we do better than COCQO?



More tunctions revealing dependence

e (Can we do better than COCQO?

e A second example with zero correlation

Dependence witness, X
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More tunctions revealing dependence

e (Can we do better than COCQO?

e A second example with zero correlation

2nd dependence witness, X

Correlation: 0
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More tunctions revealing dependence

e Can we do better than COCO?
e A second example with zero correlation

2nd dependence witness, X

Correlation: .
1 © ?t on: 0 05 Correlation: -0.37 COCO,: 0.06
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Hilbert-Schmidt Independence Criterion

e Given ~; := COCO,(z; F,G), define Hilbert-Schmidt Independence

Criterion (HSIC) [ALTO05, NIPS07a, JMLR10] :

n

HSIC(2; F,G) == ) ~;

1=1



Hilbert-Schmidt Independence Criterion

e Given ~; := COCO,(z; F,G), define Hilbert-Schmidt Independence

Criterion (HSIC) (avTos, N1Pso7a, IMLR10] :

n

HSIC(2; F,G) == ) ~;

i=1
e In limit of infinite samples:
HSIC(P; F, G) 1= [ Cuy s
— <ny7 C:L‘y>HS
— Ex,x’,y,}" [IC(X, X/)l(ya y/)] + EX,X’ [k(X, X/)]E}Gy/ [l (y’ y/)]
2B,y [Bu[k(x,X)]Ey [I(y,y))]

— X' an independent copy of x, y' a copy of y

HSIC is identical to MM D(Pxy,PxPy)



When does HSIC determine independence?

Theorem: When kernels £ and [ are each characteristic, then HSIC = 0 ift
PX,y — PxPy [Gretton, 2015].

Weaker than MMD condition (which requires a kernel characteristic on
X x Y to distinguish Py, from Q).



Intuition: why characteristic needed on both A and Y

Question: Wouldn’t it be enough just to use a rich mapping from X to Y,

e.g. via ridge regression with characteristic F:

f = argmin (Exy (Y = (£,6(X))5)" + Alf])



Intuition: why characteristic needed on both A and Y

Question: Wouldn’t it be enough just to use a rich mapping from X to Y,

e.g. via ridge regression with characteristic F:

f = argmin (Exy (Y = (£,6(X))5)" + Alf])

Counterexample: density symmetric about z-axis, s.t. p(zx,y) = p(x, —y)

Correlation: —=0.00

15
11 :
0.5 ,".' 4
> 0
0.5/ K
15
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Regression using distribution embeddings



Kernels on distributions in supervised learning

e Kernels have been very widely used in supervised learning

— Support vector classification /regression, kernel ridge regression . ..



Kernels on distributions in supervised learning

e Kernels have been very widely used in supervised learning

e Simple kernel on distributions (population counterpart of set kernel)

[Haussten, 1999, (Girtmer—et—ahl, 2002]

K(P,Q) = (up, Q)7

e Squared distance between distribution embeddings (MMD)

MMDQ(MP, ,LLQ) = HMP — ,UQH?F — EPk(Xa X/) T EQk<y7y/) — 2]EF’,QIC(XJ y)



Kernels on distributions in supervised learning

e Kernels have been very widely used in supervised learning

e Simple kernel on distributions (population counterpart of set kernel)

e WaWaW-N

K(P,Q) = (up, Q)7

e Can define kernels on mean embedding features [christmann, Steinwart

NIPS10],[AISTATS15]

Mee—wally [lee—rall 5 s o1 PN
TR e 20 (1 +llwe — pall=/67) (1+||MP—MQ||;:) ,0<2

lup — pallx = Epk(x,x) + Eqk(y,y") — 2Ep qk(x,y)



Regression using population mean embeddings

i.i.d.
o Samples z := {(up,, 4i)Yic1 =~ p(up,y) = p(ylue)p(up),

pp, = Ep, (o]

e Regression function

folpp) = /Rydp(ymP),



Regression using population mean embeddings

i.i.d.

Samples z := {(up;, 4i) Yiz1 ~ p(kpsy) = pylpe)p(up),

pp; = Ep; [ox]

Regression function

folpp) = /Rydp(ymP),

Ridge regression for labelled distributions

1

14
2 = argmin © 3 (/.
1=1

fer A

) —u) + A fl5e, (A >0)

Define RKHS H with kernel K (up, 1q) := (¥up, Vg )#:

functions from F' C F to R, where

F:={up : PP}

P set of prob. meas. on X



Regression using population mean embeddings

e Lixpected risk, Excess risk

RIf] = Epupy) (Fp) — y)° E(f, fo) = RIf2] — RIfo):

e Minimax rate jcapommettoand¥ita, 2007

E(f), 1) =0, (W%) (1<b,ce(1,2]).

— b size of input space, ¢ smoothness of f,



Regression using population mean embeddings

Expected risk, Excess risk

R =Byupg) (Flp) —v)* £ F5) = RILT = RIfo]
Minimax rate jeapommettoamd-vita, 2oaT]
E(f), 1) =0, (e—bc%) (1<bece(1,2]).
— b size of input space, ¢ smoothness of f,

N
Replace pp, with jip, = N1 Z Pa; T LR P,
j=1

Given N = ‘éa log(f) and a = 2, (and Holder condition on ¥ : F — H)
EF 1) =0, (z—%il) (1<b,ce(1,2).

Same rate as for population pp, embeddings! [aistaTsis, JMLR in revision]



Kernels on distributions in supervised learning

Supervised learning applications:

e Regression: From distributions to vector spaces.iaistaTsis)

— Atmospheric monitoring, predict aerosol value from distribution of
pixel values of a multispectral satellite image over an area

(performance matches engineered state-of-the-art jwang et a1, 2012) )

e LExpectation propagation: learn to predict outgoing messages from
incoming messages, when updates would otherwise be done by numerical

integration [varis

e Learning causal direction with mean embeddings opezPazetat, cots]



Learning causal direction with mean embeddings

Additive noise model to direct an edge between random variables x and y

[Hoyer—et—all, 2009

residual variance at x

y < f(z)+e

¥ residual variance at y

X
Figure: D. Lopez-Paz



Learning causal direction with mean embeddings

Classification of cause-effect relations [opez=pPazetat, 2ots]
e Tuebingen cause-effect pairs: 82 scalar real-world examples where causes

and eﬁeCtS known [Zscheischler, J., 2014]

e Training data: artificial, random nonlinear functions with additive

gausslan noise. n,
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e Performance
81% correct

Figure:Mooij et al.(2015)
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Kernel two-sample tests for big data, optimal kernel choice



Quadratic time estimate of MMD

MMD? = ||up — uqll> = Epk(z,2') + Eqk(y,y') — 2Ep gk(z, )



Quadratic time estimate of MMD

MMD? = [|up — pqllF = Epk(z,2') + Eqk(y,y') — 2Ep qk(z, y)
Given i.id. X :={z1,...,xpn}t and Y :={y1,...,ym} from P, Q,

respectively:

The earlier estimate: (quadratic time)

Epk(z,z') = ! ZZ/@(%,%)
iy




Quadratic time estimate of MMD

MMD? = [|up — pqllF = Epk(z,2') + Eqk(y,y') — 2Ep qk(z, y)
Given i.id. X :={z1,...,xpn}t and Y :={y1,...,ym} from P, Q,

respectively:

The earlier estimate: (quadratic time)

~ 1
Epk(xz,2') = k(x;,x;)
1) 27 200
New, linear time estimate:
~ 2
Epk(z,z') = — k(x1,22) + k(x3,24) + .. .]

9 m/2
= — Z k(xo;—1,x2i)
me



Linear time MMD

Shorter expression with explicit £ dependence:
MMD2 —- nk(p7 Q) — Ewm’yy’hk(xa ZU,) Y, y/) —- Evhk(v)a

where
hk(xaxlaya y,) — k(CE‘,CEl) + k(y7y/) o k(ﬂ?,y/) o k(xla y)a

and v := [z, 7, y, ¥/].



Linear time MMD

Shorter expression with explicit £ dependence:
MMD2 —- nk(p7 Q) — Ewm’yy’hk(xa xla Y, y/) —- Evhk(?}),

where
hk(xaxlvya y,) — k(CC,CU/) + k(y7y/) o k(x7y/) o k(xla y)a

and v := [z, 7, y, ¥/].

The linear time estimate again:

9 m/2
Me = m Z hi(vi),
1=1
where v; := [x2;—1, T2i, Y2i—1, Y2i] and

hi(vs) == k(x2i—1,22i) + k(y2i—1,y2:) — k(x2i-1,Y2i) — k(x2i, Yy2i—1)



Linear time vs quadratic time MMD

Disadvantages of linear time MMD vs quadratic time MMD
e Much higher variance for a given m, hence. ..

e ...a much less powerful test for a given m



Linear time vs quadratic time MMD

Disadvantages of linear time MMD vs quadratic time MMD
e Much higher variance for a given m, hence. ..

e ...a much less powerful test for a given m

Advantages of the linear time MMD vs quadratic time MMD

e Very simple asymptotic null distribution (a Gaussian, vs an infinite

weighted sum of x?)
e Both test statistic and threshold computable in O(m), with storage O(1).

e Given unlimited data, a given Type II error can be attained with less

computation



Asymptotics of linear time MMD

By central limit theorem,
1/2 (= D N 2
m= (i — me(ps @) = N (0, 20%)

e assuming 0 < E(h?) < oo (true for bounded k)
o g = Euhi(v) — [Ey(he(v))]”.



Hypothesis test

Hypothesis test of asymptotic level a:
tha = m 1 20,7v/2071(1 — @) where ® ! is inverse CDF of A/(0,1).

— 2
Null distribution, linear time MMD = 7
0.4r

0.35r
0.31

0.25r

(17x)

0.2r
R

0.15r

01l Type I error

tk.a = (1 —a) quantile

0.05r




Type 1l error

0.4

Null vs alternative distribution, P (7))

0.35

0.3

0.25

= 02

0.15

0.1

0.05

Type II error

s U ||

alternative

|
2
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The best kernel: minimizes Type Il error

Type II error: 7 falls below the threshold ¢ , and ng(p, q) > 0.
Prob. of a Type II error:

Plije < th o) = ((1)1(1 ) - Q)\/m)

orV2
where ® is a Normal CDF.



The best kernel: minimizes Type Il error

Type II error: 7 falls below the threshold ¢ , and ng(p, q) > 0.
Prob. of a Type II error:

Pl <) =8 (3741 g D)

orV2
where ® is a Normal CDF.

Since ® monotonic, best kernel choice to minimize Type II error prob. is:

k. = a a Qo
rg rglelgnk(p q)0y

where K is the family of kernels under consideration.



Learning the best kernel in a family

Define the family of kernels as follows:

d
K= {k k=Y Buku, Bl = D, By >0, Vu € {1,...,d}}.
u=1

Properties: if at least one 5, > 0
e all k € IC are valid kernels,

e If all k£, charateristic then k characteristic



Test statistic

The squared MMD becomes

(P, @) =l (p) — (@)1 7, = Zﬁunu P, q

where 1,(p, q) := Eyhy(v).



Test statistic

The squared MMD becomes

(P, @) =l (p) — (@)1 7, = Zﬁunu P, q

where 1,(p, q) := Eyhy(v).

Denote:

o B=(B1,B2,...,0a) €RY
o h=(hi,hs,...,hg) €R

— hu(z, 2"y, ") = ku(z, ') + ku(y, ') — ku(z,9') — ku(a’, y)
e n=Ey(h) = (m,n2,...,n0)" €R%

Quantities for test:

me(p,q) =E@B'h)=8"n o= 8"cov(h)B.



Optimization of ratio ng(p, q)U,;1

Empirical test parameters:

k=07 O\ = \/5T (Q+)\m1) B,
() is empirical estimate of cov(h).

Note: 7, 0. computed on training data, vs 7,0 on data to be tested
(why?)



Optimization of ratio ng(p, q)U,;1

Empirical test parameters:

k=07 O\ = \/5T (Q+)\m1) B,
() is empirical estimate of cov(h).

Note: 7, 0. computed on training data, vs 7,0 on data to be tested
(why?)

Objective:

e . 5—1
p* = arg rgg(})( Mk (D, Q)Uk)\

— arg max (5Tﬁ) (BT (Q + )\ml) B)

5=0

=: (81, Q)

—1/2



Optmization of ratio n(p, q)Ok_l

Assume: 7) has at least one positive entry

A

Then there exists S =0 s.t. «(f8;1,Q) > 0.
Thus: a(8*:7,Q) > 0



Optmization of ratio n(p, q)Ok_l

Assume: 7) has at least one positive entry

A

Then there exists S =0 s.t. «(f8;1,Q) > 0.
Thus: a(8*:7,Q) > 0

Solve easier problem: 3* = arg 1%138( o’ (B; 1, Q)

Quadratic program:

min{ 37 (Q + )\ml) B:8Th=1,8%0)



Optmization of ratio n(p, q)Ok_l

Assume: 7) has at least one positive entry

Then there exists S =0 s.t. «(f8;1,Q) > 0.
Thus: a(8*:7,Q) > 0

Solve easier problem: 3* = arg 1%138( o’ (B; 1, Q)

Quadratic program:

min{ 37 (Q + )\ml) B:8Th=1,8%0)

What if n has no positive entries?



Test procedure

1. Split the data into testing and training.
2. On the training data:

(a) Compute 7, for all k, € K
(b) If at least one 7, > 0, solve the QP to get 5%, else choose random

kernel from K

3. On the test data:

d
(a) Compute Mg+ using k™ = Z B%ky,

u=1

(b) Compute test threshold i g+ using s

4. Reject null if 7= > € g



Convergence bounds

Assume bounded kernel, o, bounded away from 0.
If Ay, = O(m~1/3) then

' =0p (m_1/3> .

A A —1 _
SUP N0y, \ — SUPTk0y,
kel kel



Convergence bounds

Assume bounded kernel, o, bounded away from 0.
If Ay, = O(m~1/3) then

AN | —1 ~1/3
SUp N0y, \ — SUP N0y, ‘::Cha(nz / ).
kek ke

Idea:

NP 1
SUP 70y \ — SUPT)k0y,
kel kel

< sup
kel

b

NP 1 1 1
NMkOg \ — nkak,)\‘ + 211’13 ‘ﬂkﬂk,,\ — N0y |
S

< C1sup | — nk| + Casup |G\ _Uk:,AQ + C3D* M\,

kek kek



Experiments



Competing approaches

e Median heuristic

e Max. MMD: choose k, € K with the largest 7,
~ same as maximizing 3' 7 subject to ||B]|, < 1

e /5 statistic: maximize 3'# subject to ||5]|, < 1

e Cross validation on training set

Also compare with:

e Single kernel that maximizes ratio 7y (p, q)cfk_ L



Blobs: data

Difficult problems: lengthscale of the difference in distributions not the same
as that of the distributions.



Blobs: data

Difficult problems: lengthscale of the difference in distributions not the same
as that of the distributions.

We distinguish a field of Gaussian blobs with different covariances.

Blob data p Blob data ¢
35 35
swﬂﬁwléf
2571 2571
= & tf‘f
15¢ . 15¢
*
bt %
10t ‘ *‘ 10t ‘ ’ ‘
* * 8“
5 — 5
5 10 15 20 25 30 35 5 35
X1

Ratio € = 3.2 of largest to smallest eigenvalues of blobs in g.



Blobs: results

o o
0] O —
T T

o
~
T

Type II error

o o
N w

o
a

Parameters: m = 10,000 (for training and test). Ratio ¢ of largest to

smallest eigenvalues of blobs in g. Results are average over 617 trials.

o
»
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o
(&)
T

o
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T
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max ratio
opt
|| — 2
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Blobs: results

0.9 o :\
0.81
0.7t
S 06f
o
= 0.5}
(]
=~
0.4H :
= — max ratio
0.3H opt
s | D
0.2H ==maxmmd
— xval
0.1H === xvalc
— med
0 : |
0 5 10
€ ratio

Optimize ratio n(p, q)(fk_l

15



Blobs: results

0.9r

0.8

0.7

Type Il error
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0.1

0
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| == max ratio
| = opt
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m— axmmd

— xval
e X ValC
— med

0

5

10

15

Maximize ni(p, q¢) with § constraint



Blobs: results
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Feature selection: data

Idea: no single best kernel.

Each of the k, are univariate (along a single coordinate)



Feature selection: data

Idea: no single best kernel.

Each of the k, are univariate (along a single coordinate)

Selection data

8




Feature selection: results

Feature selection
0.6 . . .

m— M AX ratio
0.55¢

0.5}

0.45}

0.4r

0.35¢

Type Il error

0.25 Single best kernel

0.2r

0.151 Linear combination

0.1 ' ' . . .
0 5 10 15 20 25 30
dimension

m = 10, 000, average over 5000 trials



Amplitude modulated signals

Given an audio signal s(t), an amplitude modulated signal can be defined
u(t) = sin(wt) |a s(t) + (]

e w.: carrier frequency

e a = 0.2 is signal scaling, [ = 2 is oflset



Amplitude modulated signals

Given an audio signal s(t), an amplitude modulated signal can be defined
u(t) = sin(wt) |a s(t) + (]

e w.: carrier frequency

e a = 0.2 is signal scaling, [ = 2 is oflset
Two amplitude modulated signals from same artist (in this case, Magnetic
Fields).

e Music sampled at 8KHz (very low)

e Carrier frequency is 24kHz

e AM signal observed at 120kHz

e Samples are extracts of length N = 1000, approx. 0.01 sec (very short).

e Total dataset size is 30,000 samples from each of p, q.



Amplitude modulated signals

Samples from P Samples from Q




Results: AM signals

0.9

0.8

0.7

Type Il error

o ©
N w
T T

©
—_
T

m— Max ratio
— med

— axmmd

=

0.4

0.6 0.8 1

added noise

m = 10,000 (for training and test) and scaling a = 0.5. Average over 4124

trials. Gaussian noise added.



Observations on kernel choice

e It is possible to choose the best kernel for a kernel

two-sample test

e Kernel choice matters for “difficult” problems, where the
distributions differ on a lengthscale different to that of
the data.

e Ongoing work:

— quadratic time statistic

— avoid training/test split



Energy Distance and the MMD



Emnergy distance and MMD

Distance between probability distributions:

Energy dlSt AllCe:. [Baringhaus and Franz, 2004, Székety and Rizzo, 2004, 2005|

Dp(P,Q) = Ep||X — X'||? + Eq||Y — Y'||! — 2Ep o[ X — Y|

0<qg<?2

Maximum mean discrepancy [erettoretzh, 2007, Smotretzh, 2007, Erettoretzt, 2012a]

MMD?(P, Q; F) = Epk(X, X') + Eqk(Y,Y") — 2Ep gk(X,Y)



Emnergy distance and MMD

Distance between probability distributions:

Energy diStaIlce: Baringhaus—and Franz, 2004, Székely andRizzo, 2004, 2005|

Dp(P,Q) = Ep||X — X'||? + Eq||Y — Y'||! — 2Ep o[ X — Y|

0<qg<?2

Maximum mean discrepancy [erettoretzh, 2007, Smotretzh, 2007, Erettoretzt, 2012a]

MMD?(P, Q; F) = Epk(X, X') + Eqk(Y,Y") — 2Ep qk(X,Y)

Energy distance is MMD with a particular kernel! jscidinovicetat, eots)



Distance covariance and HSIC

Distance covariance (0 < ¢,7 < 2) [Fenervergen, 1993, Székelyct-at, 2007]
VA(X,Y) =ExyExy [|X — XY - Y'||"]
+ ExEx/||X — X'|[EyEy/ ||Y = Y'||"
— 2Exy |Ex/||X — X'||9Ey/||Y — Y'||"]
Hllbert—SChdet IndepenCe CI‘iteI‘iOI’l [Grettonmret—all, 2005, Smolaet—all, 2007, Gretton—et—al,

2008, Grettonand -Gyorfi, 2010]Deﬁne RKHS .F on X Wlth kernel k, RKHS g on y
with kernel [. Then

HSIC(ny, PXpy)
= ExyExvk(X, XY, Y)+ExExk(X, X EyEywl(Y,Y)
— 2Exy |Exk(X, XEyI(Y,Y")].



Distance covariance and HSIC

Distance covariance (0 < ¢,7 < 2) [Fenervergen, 1993, Székelyct-at, 2007]
VA(X,Y) =ExyExy [|X — XY - Y'||"]
+ ExEx/||X — X’HquEY/HY — Y’Hr
— 2Exy |Ex/||X — X'||9Ey/||Y — Y'||"]

Hilbert-Schmdit Indepence Criterion ierettoretzn, 2005, Smotaetah, 2007, Grettomretzt,

2008, Gretronand-Gyorfi, 20ta)Define RKHS F on X with kernel £, RKHS G on )Y
with kernel [. Then

HSIC(ny, PXpy)
= ExyExvk(X, XY, Y)+ExExk(X, X EyEywl(Y,Y)
— 2Exy |[Exk(X, XEyI(Y,Y")].

Distance covariance is HSIC with particular kernels! (sejdimovicet=at, 2otsn)



Semimetrics and Hilbert spaces

Theorem [Berget—ah, 1984, Lemma 2.1, p. 74]
p . X X X — R iS ad Semimetric (no triangle inequality) OI1 X Let 20 - X, and

denote
1

kp(zv Z/) — i(P(Z,ZO) + p(z’,zo) _ p(z,z/)).

Then k is positive definite (via Moore-Arnonsajn, defines a unique RKHS)
iff p is of negative type.

Call £, a distance induced kernel

Negative type: The semimetric space (Z, p) is said to have negative type if

n
Yn>221,...,2p, € Z,and a1, ...,qa, € R, with Zozz-:O,
i=1

ZZaiajp(zi,zj) < 0. (1)

i=1 j=1



Semimetrics and Hilbert spaces

TheOI‘em [Berget—ah, 1984, Lemma 2.1, p. 74]
10 . X X X — R iS ad Semimetric (no triangle inequality) OI1 X Let 20 - X, and

denote
1

kp(zv Z/) — §(p(z,z0) + p(zl7z0) _ p(z,z')).

Then k is positive definite (via Moore-Arnonsajn, defines a unique RKHS)
iff p is of negative type.

Call £, a distance induced kernel

Special case: Z C R% and py(z,2') = |z — z’Hq. Then p, is a valid semimetric

of negative type for 0 < q < 2.



Semimetrics and Hilbert spaces

TheOI‘em [Berget—ah, 1984, Lemma 2.1, p. 74]
10 . X X X — R iS ad Semimetric (no triangle inequality) OI1 X Let 20 - X, and

denote
1

kp(zv Z/) — §(p(z,z0) + p(zl7z0) _ p(z,z')).

Then k is positive definite (via Moore-Arnonsajn, defines a unique RKHS)
iff p is of negative type.

Call £, a distance induced kernel

Special case: Z C R% and py(z,2') = |z — z’Hq. Then p, is a valid semimetric

of negative type for 0 < q < 2.

Energy distance is MMD with a distance induced kernel

Distance covariance is HSIC with distance induced kernels




Two-sample testing benchmark

Two-sample testing example in 1-D:
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Two-sample test, MMD with distance kernel

Obtain more powerful tests on this problem when ¢ # 1 (exponent of distance)

Sinusoidal perturbation, a=0.05

Key:
- e Gaussian kernel
e e g=1
]
S e Best: ¢ =1/3
|_
e Worst: g =2

____ er

1 15 25 5 35 4 4.5 5

Sinusoid frequency
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Kernel CCA: Definition

e There exists a factorization of Cy, such that make, tors
1/2 1/2
Coy = CHPViy O [[Vaylls <1

e Regularized empirical estimate of spectral norm: pmrLro7

]|Va;y||5 = sup (f, CA’myg>]: subject to 4
J€7,9€9 (9, (Cyy +€enl)g)g

— First canonical correlate



Kernel CCA: Definition

e There exists a factorization of Cy, such that make, tors
1/2 1/2
Coy = CHPViy O [[Vaylls <1

e Regularized empirical estimate of spectral norm: pmrLro7

H‘A/a:yHS = sup (f, C’myg>]: subject to 4
fer.9c9 (9, (Cyy +enl)g)g =1,

— First canonical correlate

e Regularized empirical estimate of HS norm: nipso7n)

NOCCO(z; F,G) := |Vayl}s = tr[RyR.],  Ru = Ko(K, +nenl,) ™"



Kernel CCA: Illustration

e Ring-shaped density, first eigenvalue

Dependence witness, X

Correlation: —0.00 Correlation: 1.00
1.5 - 0.2 0.7 -
x 04 7
1 — 3
* 0.6} >
[ -0.6 '!'
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. : 2 0 2 0.5y o
0 | .... % J X >\_, ...
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Kernel CCA: Illustration

e Ring-shaped density, third eigenvalue

1.5

Correlation: —=0.00

Dependence witness, X
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NOCCO: HS Norm of Normalized Cross Covariance

e Define NOCCO as
NOCCO := ||Vyy I35

e Characteristic kernels: population NOCCO is mean-square contingency,
indep. of RKHS

NOCCO = //Xxy( Pay (2, y)) —1>2 o (2)py () dpu(x)dpu(y).

(y

— p(x) and pu(y) Lebesgue measures on X and ); Py, absolutely continuous w.r.t.

pu(x) X u(y), density pgy, marginal densities p; and py

e Convergence result: assume regularization ¢, satisfies ¢, — 0 and

e>n — 00, Then
|Vay = Vayllzrs — 0

in probability



References

C.

Baker. Joint measures and cross-covariance operators. Transactions of the
American Mathematical Society, 186:273—289, 1973.

Baringhaus and C. Franz. On a new multivariate two-sample test. J.
Multivariate Anal., 88:190—-206, 2004.

. Berg, J. P. R. Christensen, and P. Ressel. Harmonic Analysis on Semigroups.

Springer, New York, 1984.

Caponnetto and E. De Vito. Optimal rates for the regularized least-
squares algorithm. Foundations of Computational Mathematics, 7(3):331-368,
2007.

Chwialkowski and A. Gretton. A kernel independence test for random
processes. ICML, 2014.

Chwialkowski, D. Sejdinovic, and A. Gretton. A wild bootstrap for de-
generate kernel tests. NIPS, 2014.

Andrey Feuerverger. A consistent test for bivariate dependence. International

Statistical Review, 61(3):419-433, 1993.

Fukumizu, A. Gretton, X. Sun, and B. Schdlkopf. Kernel measures of

conditional dependence. In Advances in Neural Information Processing Systems
20, pages 489—-496, Cambridge, MA, 2008. MIT Press.

Gartner, P. A. Flach, A. Kowalczyk, and A. J. Smola. Multi-instance
kernels. In Proceedings of the International Conference on Machine Learning,
pages 179-186. Morgan Kaufmann Publishers Inc., 2002.

. Gretton and L. Gyorfi. Consistent nonparametric tests of independence.

Journal of Machine Learning Research, 11:1391-1423, 2010.

. Gretton, O. Bousquet, A. J. Smola, and B. Scholkopf. Measuring statisti-

cal dependence with Hilbert-Schmidt norms. In S. Jain, H. U. Simon, and
E. Tomita, editors, Proceedings of the International Conference on Algorithmic
Learning Theory, pages 63—77. Springer-Verlag, 2005.

. Gretton, K. Borgwardt, M. Rasch, B. Scholkopf, and A. J. Smola. A ker-

nel method for the two-sample problem. In Advances in Neural Information
Processing Systems 15, pages 513—-520, Cambridge, MA, 2007. MIT Press.

80-1



A. Gretton, K. Fukumizu, C.-H. Teo, L. Song, B. Scholkopf, and A. J. Smola.
A kernel statistical test of independence. In Advances in Neural Information
Processing Systems 20, pages 585—-592, Cambridge, MA, 2008. MIT Press.

A. Gretton, K. Borgwardt, M. Rasch, B. Schoelkopf, and A. Smola. A kernel
two-sample test. JMLR, 13:723—-773, 2012a.

A. Gretton, B. Sriperumbudur, D. Sejdinovic, H. Strathmann, S. Balakrish-
nan, M. Pontil, and K. Fukumizu. Optimal kernel choice for large-scale
two-sample tests. In NIPS, 2012b.

Arthur Gretton. A simpler condition for consistency of a kernel independence
test. Technical Report 1501.06103, arXiv, 2015.

David Haussler. Convolution kernels on discrete structures. Technical Re-
port UCS-CRL-99-10, UC Santa Cruz, 1999.

P. Hoyer, D. Janzing, J. Mooij, J. Peters, and B. Schoélkopf. Nonlinear causal
discovery with additive noise models. In NIPS, 2009.

Wittawat Jitkrittum, Arthur Gretton, Nicolas Heess, S. M. Ali Eslami, Bal-
aji Lakshminarayanan, Dino Sejdinovic, and Zoltan Szabdé. Kernel-based
just-in-time learning for passing expectation propagation messages. UAI,
2015.

D. Lopez-Paz, K. Muandet, B. Scholkopf, and I. Tolstikhin. Towards a learn-
ing theory of cause-effect inference. In ICML, 2015.

D. Sejdinovic, A. Gretton, and W. Bergsma. A kernel test for three-variable
interactions. In NIPS, 2013a.

D. Sejdinovic, B. Sriperumbudur, A. Gretton, and K. Fukumizu. Equivalence
of distance-based and rkhs-based statistics in hypothesis testing. Annals
of Statistics, 41(5):2263—-2702, 2013b.

D. Sejdinovic, H. Strathmann, M. Lomeli Garcia, C. Andrieu, and A. Gret-
ton. Kernel adaptive Metropolis-Hastings. ICML, 2014.

A. J. Smola, A. Gretton, L. Song, and B. Scholkopf. A Hilbert space em-
bedding for distributions. In Proceedings of the International Conference on
Algorithmic Learning Theory, volume 4754, pages 13—31. Springer, 2007.

B. Sriperumbudur, K. Fukumizu, A. Gretton, and A. Hyvarinen. Density
estimation in infinite dimensional exponential families. Technical Report
1312.3516, ArXiv e-prints, 2014.

85-2



Heiko Strathmann, Dino Sejdinovic, Samuel Livingstone, Zoltadn Szabd, and
Arthur Gretton. Gradient-free Hamiltonian Monte Carlo with efficient
kernel exponential families. arziv, 2015.

Zoltan Szabd, Arthur Gretton, Barnabas Pdéczos, and Bharath Sriperum-
budur. Two-stage sampled learning theory on distributions. AISTATS,
2015.

G. Székely and M. Rizzo. Testing for equal distributions in high dimension.
InterStat, 5, 2004.

G. Székely and M. Rizzo. A new test for multivariate normality. J. Multivariate
Anal., 93:58—80, 2005.

G. Székely, M. Rizzo, and N. Bakirov. Measuring and testing dependence by
correlation of distances. Ann. Stat., 35(6):2769-2794, 2007.

K. Zhang, J. Peters, D. Janzing, B., and B. Schoélkopf. Kernel-based con-
ditional independence test and application in causal discovery. In 27th
Conference on Uncertainty in Artificial Intelligence, pages 804—813, 2011.

85-3



	Outline
	Lancaster (3-way)
Interactions
	Detecting a higher order interaction
	Detecting a higher order interaction
	Detecting a higher order interaction

	V-structure Discovery
	V-structure Discovery

	V-structure Discovery (2)
	V-structure Discovery (3)
	Lancaster Interaction Measure
	Lancaster Interaction Measure
	Lancaster Interaction Measure
	Lancaster Interaction Measure
	Lancaster Interaction Measure
	Lancaster Interaction Measure

	A Test using Lancaster Measure
	Inner Product Estimators
	Inner Product Estimators

	Example A: factorisation tests
	Example B: Joint dependence can be easier to detect
	Example B: factorisation tests
	Interaction for $Dgeq 4$
	Interaction for $Dgeq 4$
	Interaction for $Dgeq 4$

	Total independence test
	Total independence test

	Kernel dependence measures - in detail
	MMD for independence: HSIC
	Covariance to reveal dependence
	Covariance to reveal dependence
	Covariance to reveal dependence
	Covariance to reveal dependence
	Covariance to reveal dependence
	Covariance to reveal dependence
	Covariance to reveal dependence
	Covariance to reveal dependence

	Challenges in defining feature space covariance
	Challenges in defining feature space covariance
	Challenges in defining feature space covariance

	REMINDER: functions revealing dependence
	Empirical covariance operator
	Functions revealing dependence
	Covariance to reveal dependence
	Covariance to reveal dependence

	Hard-to-detect dependence
	Hard-to-detect dependence
	Hard-to-detect dependence
	Hard-to-detect dependence
	Hard-to-detect dependence
	Hard-to-detect dependence
	Hard-to-detect dependence
	Hard-to-detect dependence
	Hard-to-detect dependence

	Hard-to-detect dependence
	More functions revealing dependence
	More functions revealing dependence
	More functions revealing dependence
	More functions revealing dependence
	Hilbert-Schmidt Independence Criterion
	Hilbert-Schmidt Independence Criterion

	When does HSIC determine independence?
	Intuition: why characteristic needed on both $Xcal $ and $Ycal $
	Intuition: why characteristic needed on both $Xcal $ and $Ycal $

	Regression using distribution embeddings
	Kernels on distributions in supervised learning
	Kernels on distributions in supervised learning
	Kernels on distributions in supervised learning

	Regression using {em population} mean embeddings
	Regression using {em population} mean embeddings

	 Regression using {em population} mean embeddings 
	 Regression using {em population} mean embeddings 

	Kernels on distributions in supervised learning
	Learning causal direction with mean embeddings
	Learning causal direction with mean embeddings
	Co-authors
	Kernel two-sample tests for big data, optimal kernel choice
	Quadratic time estimate of MMD
	Quadratic time estimate of MMD
	Quadratic time estimate of MMD

	Linear time MMD
	Linear time MMD

	Linear time vs quadratic time MMD
	Linear time vs quadratic time MMD

	Asymptotics of linear time MMD
	Hypothesis test
	Type II error
	The best kernel: minimizes Type II error
	The best kernel: minimizes Type II error

	Learning the best kernel in a family
	Test statistic
	Test statistic

	Optimization of ratio $eta _{k}(p,q)sigma _{k}^{-1}$
	Optimization of ratio $eta _{k}(p,q)sigma
_{k}^{-1}$

	Optmization of ratio $eta _{k}(p,q)sigma _{k}^{-1}$
	Optmization of ratio $eta _{k}(p,q)sigma
_{k}^{-1}$
	Optmization of ratio $eta _{k}(p,q)sigma
_{k}^{-1}$

	Test procedure
	Convergence bounds
	Convergence bounds

	Experiments
	Competing approaches
	Blobs: data
	Blobs: data

	Blobs: results
	Blobs: results
	Blobs: results
	Blobs: results
	Feature selection: data
	Feature selection: data

	Feature selection: results
	Amplitude modulated signals
	Amplitude modulated signals

	Amplitude modulated signals
	Results: AM signals
	Observations on kernel choice
	Energy Distance and the MMD
	Energy distance and MMD
	Energy distance and MMD

	Distance covariance and HSIC
	Distance covariance and HSIC

	Semimetrics and Hilbert spaces
	Semimetrics and Hilbert spaces
	Semimetrics and Hilbert spaces

	Two-sample testing benchmark
	Two-sample test, MMD with distance kernel
	Selected references
	Selected references (continued)
	Kernel CCA: Definition
	Kernel CCA: Definition

	Kernel CCA: Illustration
	Kernel CCA: Illustration
	NOCCO: HS Norm of Normalized Cross Covariance

