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Outline

� Kernel metric on the space ofprobability measures

{ Function revealing di�erences in distributions

{ Distance betweenmeans in space of features(RKHS)

{ Independence measure:features of joint minus product of marginals

� Characteristic kernels: feature space mappings of probabilitiesunique

� Two-sample, independence testsfor (almost!) any data type

{ distributions on strings, images, graphs, groups (rotation matrices),

semigroups,: : :



Feature mean di�erence

� Simple example: 2 Gaussians with di�erent means

� Answer: t-test
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Feature mean di�erence

� Two Gaussians with same means, di�erent variance

� Idea: look at di�erence in means of featuresof the RVs

� In Gaussian case: second order features of form' (x) = x2
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Feature mean di�erence

� Two Gaussians with same means, di�erent variance

� Idea: look at di�erence in means offeatures of the RVs

� In Gaussian case: second order features of form' (x) = x2
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Feature mean di�erence

� Gaussian and Laplace distributions

� Same meanand same variance

� Di�erence in means usinghigher order features...RKHS

-4 -3 -2 -1 0 1 2 3 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7
Gaussian and Laplace densities

P
ro

b.
 d

en
si

ty

X

 

 
P

X

Q
X



Probabilities in feature space: the mean trick

The reproducing property (kernel

trick)

� Given x 2 X for some setX ,

de�ne feature map ' (x) 2 F ,

' (x) = [ : : : ' i (x) : : :] 2 `2

� For positive de�nite k(x; x 0),

k(x; x 0) = h' (x); ' (x0)i F

� The reproducing property:

8f 2 F ,

f (x) = hf (�); ' (x)i F
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trick)

� Given x 2 X for some setX ,

de�ne feature map ' (x) 2 F ,

' (x) = [ : : : ' i (x) : : :] 2 `2

� For positive de�nite k(x; x 0),

k(x; x 0) = h' (x); ' (x0)i F

� The reproducing property:

8f 2 F ,

f (x) = hf (�); ' (x)i F

The mean trick

� Given P a Borel probability

measureon X , de�ne feature

map � P 2 F

� P = [ : : : EP [' i (x)] : : :]

� For positive de�nite k(x; x 0),

EP;Qk(x; y) = h� P; � Qi F

for x � P and y � Q.

� The mean trick: (we call � P a

mean/distribution embedding)

EP(f (x)) =: h� P; f (�)i F



Does the feature space mean exist?

Does there exist an element� P 2 F such that

EPf (x) = EPhf (�); ' (x)i F = hf (�); EP ' (x)i F = hf (�); � P(�)i F 8f 2 F



Does the feature space mean exist?

Does there exist an element� P 2 F such that

EPf (x) = EPhf (�); ' (x)i F = hf (�); EP ' (x)i F = hf (�); � P(�)i F 8f 2 F

Yes: You can exchange expectation and innner product (i.e.' (x) is Bochner

integrable [Steinwart and Christmann, 2008] ) under the condition

EPk' (x)kF = EP

p
k(x; x) < 1



The maximum mean discrepancy

The maximum mean discrepancyis the distance betweenfeature means:

MMD 2(P; Q) = k� P � � Qk2
F = h� P; � P i F + h� Q; � Qi F � 2h� P; � Qi F

= EPk(x; x0)
| {z }

(a)

+ EQk(y; y0)
| {z }

(a)

� 2EP;Qk(x; y)
| {z }

(b)

(a)= within distrib. similarity, (b)= cross-distrib. similari ty
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The maximum mean discrepancy

The maximum mean discrepancyis the distance betweenfeature means:

MMD 2(P; Q) = k� P � � Qk2
F = h� P; � P i F + h� Q; � Qi F � 2h� P; � Qi F

= EPk(x; x0)
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(a)
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Unbiased empirical estimate of �rst term (quadratic time)

bEPk(x; x 0) =
1

m(m � 1)

mX

i =1

mX

j 6= i

k(x i ; x j )



The maximum mean discrepancy
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The maximum mean discrepancy
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\MMD
2

= K P;P + K Q;Q � 2K P;Q

(diagonal terms removed from K P;P and K Q;Q )



Function Showing Di�erence in Distributions

� Are P and Q di�erent?
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Function Showing Di�erence in Distributions

� Maximum mean discrepancy: smooth function for P vs Q

MMD( P; Q; F ) := sup
f 2 F

[EPf (x) � EQf (y)] :
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Function Showing Di�erence in Distributions

� What if the function is not smooth?

MMD( P; Q; F ) := sup
f 2 F

[EPf (x) � EQf (y)] :
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Function Showing Di�erence in Distributions

� Maximum mean discrepancy: smooth function for P vs Q

MMD( P; Q; F ) := sup
f 2 F

[EPf (x) � EQf (y)] :

� GaussP vs LaplaceQ
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Function Showing Di�erence in Distributions

� Maximum mean discrepancy: smooth function for P vs Q

MMD( P; Q; F ) := sup
f 2 F

[EPf (x) � EQf (y)] :

� Classical results: MMD( P; Q; F ) = 0 i� P = Q, when

{ F = bounded continuous [Dudley, 2002]

{ F = bounded variation 1 (Kolmogorov metric) [M•uller, 1997]

{ F = bounded Lipschitz (Earth mover's distances) [Dudley, 2002]
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Function Showing Di�erence in Distributions

� Maximum mean discrepancy: smooth function for P vs Q

MMD( P; Q; F ) := sup
f 2 F

[EPf (x) � EQf (y)] :

� Classical results: MMD( P; Q; F ) = 0 i� P = Q, when

{ F = bounded continuous [Dudley, 2002]

{ F = bounded variation 1 (Kolmogorov metric) [M•uller, 1997]

{ F = bounded Lipschitz (Earth mover's distances) [Dudley, 2002]

� MMD( P; Q; F ) = 0 i� P = Q when F = the unit ball in a characteristic

RKHS F (coming soon!) [ISMB06, NIPS06a, NIPS07b, NIPS08a, JMLR10]

How do smooth functions relate to feature maps?



Function view vs feature mean view

� The (kernel) MMD : [ISMB06, NIPS06a]

MMD( P; Q; F )

= sup
f 2 F

[EPf (x) � EQf (y)]
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Function view vs feature mean view

� The (kernel) MMD : [ISMB06, NIPS06a]

MMD( P; Q; F )

= sup
f 2 F

[EPf (x) � EQf (y)]
use

EP(f (x)) =: h� P; f i F



Function view vs feature mean view

� The (kernel) MMD : [ISMB06, NIPS06a]

MMD( P; Q; F )

= sup
f 2 F

[EPf (x) � EQf (y)]

= sup
f 2 F

hf; � P � � Qi F

use

EP(f (x)) =: h� P; f i F



Function view vs feature mean view

� The (kernel) MMD : [ISMB06, NIPS06a]

MMD( P; Q; F )

= sup
f 2 F

[EPf (x) � EQf (y)]

= sup
f 2 F

hf; � P � � Qi F

= k� P � � QkF

use

k� kF = sup
f 2 F

hf; � i F

since F := f f 2 F :

kf k � 1g

Function view and feature view equivalent



MMD for independence: HSIC

� Dependence measure: theHilbert Schmidt Independence Criterion [ALT05,

NIPS07a, ALT07, ALT08, JMLR10]

Related to [Feuerverger, 1993] and [Sz�ekely and Rizzo, 2009, Sz�ekely et al., 2007]

HSIC (PXY ; PX PY ) := k� PXY � � PX PY k2



MMD for independence: HSIC

� Dependence measure: theHilbert Schmidt Independence Criterion [ALT05,

NIPS07a, ALT07, ALT08, JMLR10]

Related to [Feuerverger, 1993] and [Sz�ekely and Rizzo, 2009, Sz�ekely et al., 2007]

HSIC (PXY ; PX PY ) := k� PXY � � PX PY k2

! ! " "!" #" !"!! " "#"

! ! " " ! #! " "!" #" !" #"

! ! ! " #!" #"!" #"



MMD for independence: HSIC

� Dependence measure: theHilbert Schmidt Independence Criterion [ALT05,

NIPS07a, ALT07, ALT08, JMLR10]

Related to [Feuerverger, 1993] and [Sz�ekely and Rizzo, 2009, Sz�ekely et al., 2007]

HSIC (PXY ; PX PY ) := k� PXY � � PX PY k2

HSIC using expectations of kernels:

De�ne RKHS F on X with kernel k, RKHS G on Y with kernel l . Then

HSIC(PXY ; PX PY )

= EXY EX 0Y 0k(x; x0)l (y; y0) + EX EX 0k(x; x0)EY EY 0l (y; y0)

� 2EX 0Y 0
�
EX k(x; x0)EY l (y; y0)

�
:



HSIC: empirical estimate and intuition
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HSIC: empirical estimate and intuition
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Empirical HSIC (PXY ; PX PY ):

1
n2 (H K H � H LH )++



Characteristic kernels (Via Fourier, on the torusT)



Characteristic Kernels (via Fourier)

Reminder:

Characteristic: MMD a metric (MMD = 0 i� P = Q) [NIPS07b, JMLR10]

In the next slides:

1. Characteristic property on [� �; � ] with periodic boundary

2. Characteristic property on Rd



Characteristic Kernels (via Fourier)

Reminder: Fourier series

� Function [� �; � ] with periodic boundary.

f (x) =
1X

`= �1

f̂ ` exp({`x ) =
1X

l= �1

f̂ ` (cos(̀ x ) + { sin(`x )) :
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Characteristic Kernels (via Fourier)

Reminder: Fourier series of kernel

k(x; y) = k(x � y) = k(z); k(z) =
1X

`= �1

k̂` exp ({`z) ;

E.g., k(x) = 1
2� #

�
x

2� ; {� 2

2�

�
; k̂` = 1

2� exp
�

� � 2 `2

2

�
:

# is the Jacobi theta function, close to Gaussian when � 2 su�ciently narrower than [ � �; � ].
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Characteristic Kernels (via Fourier)

Maximum mean embedding via Fourier series:

� Fourier series forP is characteristic function �� P

� Fourier series for mean embedding isproduct of fourier series!

(convolution theorem)

� P(x) = EPk(x � x) =
Z �

� �
k(x � t)dP(t) �̂ P;` = k̂` � �� P;`



Characteristic Kernels (via Fourier)

Maximum mean embedding via Fourier series:

� Fourier series forP is characteristic function �� P

� Fourier series for mean embedding isproduct of fourier series!

(convolution theorem)

� P(x) = EPk(x � x) =
Z �

� �
k(x � t)dP(t) �̂ P;` = k̂` � �� P;`

� MMD can be written in terms of Fourier series:

MMD( P; Q; F ) :=












1X

`= �1

h� �� P;` � �� Q;`
�

k̂`

i
exp({`x )












F



A simpler Fourier expression for MMD

� From previous slide,

MMD( P; Q; F ) :=












1X

`= �1

h� �� P;` � �� Q;`
�

k̂`

i
exp({`x )












F

� The squared norm of a functionf in F is:

kf k2
F = hf; f i F =

1X

l= �1

j f̂ ` j2

k̂`
:

� Simple, interpretable expression for squared MMD:

MMD 2(P; Q; F ) =
1X

l= �1

[j� P;` � � Q;` j2k̂` ]2

k̂`
=

1X

l= �1

j� P;` � � Q;` j2k̂`



Example

� Example: P di�ers from Q at one frequency
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Characteristic Kernels (2)

� Example: P di�ers from Q at (roughly) one frequency
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Characteristic Kernels (2)

� Example: P di�ers from Q at (roughly) one frequency
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Example

Is the Gaussian-spectrumkernel characteristic?
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Example

Is the Gaussian-spectrumkernel characteristic? YES
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Example

Is the triangle kernel characteristic?
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Example

Is the triangle kernel characteristic? NO
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Characteristic Kernels (via Fourier)

� Can we provecharacteristic on Rd?

� Characteristic function of P via Fourier transform

� P(! ) =
Z

Rd
eix > ! dP(x)

� Translation invariant kernels: k(x; y) = k(x � y) = k(z)

� Bochner's theorem:

k(z) =
Z

Rd
e� iz > ! d�( ! )

{ � �nite non-negative Borel measure



Characteristic Kernels (via Fourier)

� Can we provecharacteristic on Rd?

� Characteristic function of P via Fourier transform

� P(! ) =
Z

Rd
eix > ! dP(x)

� Translation invariant kernels: k(x; y) = k(x � y) = k(z)

� Bochner's theorem:

k(z) =
Z

Rd
e� iz > ! d�( ! )

{ � �nite non-negative Borel measure



Characteristic Kernels (via Fourier)

Fourier representation of MMD:

MMD 2(P; Q; F ) =
Z

j� P(! ) � � Q(! )j2 d�( ! )

� P characteristic function of P

Proof: Using Bochner's theorem (a)... and Fubini's theorem (b)

MMD 2(P; Q) := EPk(x � x0) + EQk(y � y0) � 2EP;Qk(x; y)

=
Z Z h

k(s � t) d(P � Q)(s)
i

d(P � Q)( t)

(a)
=

Z Z Z

Rd
e� i (s� t )T ! d�( ! ) d(P � Q)(s) d(P � Q)( t)

(b)
=

Z Z

Rd
e� ix T ! d(P � Q)(s)

Z

Rd
eiy T ! d(P � Q)( t) d�( ! )

=
Z

Rd
j� P(! ) � � Q(! )j2 d�( ! )



Example

� Example: P di�ers from Q at (roughly) one frequency

-10 -5 0 5 10
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

X

P
(X

)

-10 -5 0 5 10
0

0.1

0.2

0.3

0.4

0.5

X

Q
(X

)



Example

� Example: P di�ers from Q at (roughly) one frequency
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Example

� Example: P di�ers from Q at (roughly) one frequency
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Example

� Example: P di�ers from Q at (roughly) one frequency

Exponentiated quadratic kernel

Di�erence j� P � � Q j
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Example

� Example: P di�ers from Q at (roughly) one frequency

Characteristic
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Example

� Example: P di�ers from Q at (roughly) one frequency

Sinc kernel

Di�erence j� P � � Q j
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Example

� Example: P di�ers from Q at (roughly) one frequency

NOT characteristic

-30 -20 -10 0 10 20 30
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Frequency w



Example

� Example: P di�ers from Q at (roughly) one frequency

Triangle (B-spline) kernel

Di�erence j� P � � Q j
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Example

� Example: P di�ers from Q at (roughly) one frequency

???
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Example

� Example: P di�ers from Q at (roughly) one frequency

Characteristic
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Summary: Characteristic Kernels

Characteristic kernel: (MMD = 0 i� P = Q) [NIPS07b, COLT08]

Main theorem: A translation invariant k characteristic for prob. measures on

Rd if and only if supp(�) = Rd (i.e. support zero on at most a countable set)

[COLT08, JMLR10]

Corollary: continuous, compactly supportedk characteristic (since Fourier

spectrum �( ! ) cannot be zero on an interval). 1-D proof sketch from [Mallat, 1999,

Theorem 2.6] proof on Rd via distribution theory in [Sriperumbudur et al., 2010, Corollary 10 p. 1535]



k characteristic i� supp(�) = Rd

Proof: suppf � g = Rd =) k characteristic:

Recall Fourier de�nition of MMD:

MMD 2(P; Q) =
Z

Rd
j� P(! ) � � Q(! )j2 d�( ! ):

Characteristic functions � P(! ) and � Q(! ) uniformly continuous, hence their

di�erence cannot be non-zero only on a countable set.

Map � P uniformly continuous: 8 � > 0; 9 � > 0 such that 8 ( ! 1 ; ! 2 ) 2 
 for which d( ! 1 ; ! 2 ) < � , we have

d( � P ( ! 1 ) ; � P ( ! 2 )) < � . Uniform: � depends only on � , not on ! 1 ; ! 2 .



k characteristic i� supp(�) = Rd

Proof: k characteristic =) suppf � g = Rd :

Proof by contrapositive.

Given suppf � g ( R d, hence9 open interval U such that �( ! ) zero on U.

Construct densities p(x), q(x) such that � P; � Q di�er only inside U



Further extensions

� Similar reasoning wherever extensions ofBochner's theoremexist:

[Fukumizu et al., 2009]

{ Locally compact Abelian groups (periodic domains, as we saw)

{ Compact, non-Abelian groups (orthogonal matrices)

{ The semigroupR+
n (histograms)

� Related kernel statistics: Fisher statistic [Harchaoui et al., 2008] (zero i� P = Q

for characteristic kernels), other distances[Zhou and Chellappa, 2006] (not yet

shown to establish whetherP = Q), energy distances



Statistical hypothesis testing



Motivating question: di�erences in brain signals

The problem: Do local �eld potential (LFP) signals change
when measured near a spike burst?

0 20 40 60 80 100
-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3
LFP near spike burst

Time

LF
P

 a
m

pl
itu

de

0 20 40 60 80 100
-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3
LFP without spike burst

Time

LF
P

 a
m

pl
itu

de



Motivating question: di�erences in brain signals

The problem: Do local �eld potential (LFP) signals change
when measured near a spike burst?



Motivating question: di�erences in brain signals

The problem: Do local �eld potential (LFP) signals change
when measured near a spike burst?



Statistical test using MMD (1)

� Two hypotheses:

{ H0: null hypothesis (P = Q)

{ H1: alternative hypothesis (P 6= Q)



Statistical test using MMD (1)

� Two hypotheses:

{ H0: null hypothesis (P = Q)

{ H1: alternative hypothesis (P 6= Q)

� Observe samplesx := f x1; : : : ; xng from P and y from Q

� If empirical MMD( x ; y ; F ) is

{ \far from zero" : reject H0

{ \close to zero": accept H0



Statistical test using MMD (2)

� \far from zero" vs \close to zero" - threshold?

� One answer:asymptotic distribution of \MMD
2



Statistical test using MMD (2)

� \far from zero" vs \close to zero" - threshold?

� One answer:asymptotic distribution of \MMD
2

� An unbiased empirical estimate (quadratic cost):

\MMD
2

= 1
n(n� 1)

X

i 6= j

k(x i ; x j ) � k(x i ; yj ) � k(yi ; x j ) + k(yi ; yj )
| {z }

h(( x i ;yi );(x j ;yj ))



Statistical test using MMD (2)

� \far from zero" vs \close to zero" - threshold?

� One answer:asymptotic distribution of \MMD
2

� An unbiased empirical estimate (quadratic cost):

\MMD
2

= 1
n(n� 1)

X

i 6= j

k(x i ; x j ) � k(x i ; yj ) � k(yi ; x j ) + k(yi ; yj )
| {z }

h(( x i ;yi );(x j ;yj ))

� When P 6= Q, asymptotically normal

(
p

n)
�

\MMD
2

� MMD 2
�

� N (0; � 2
u)

[Hoe�ding, 1948, Ser
ing, 1980]

� Expression for thevariance: zi := ( x i ; yi )

� 2
u = 4

�
Ez

�
(Ez0h(z; z0))2�

�
�
Ez;z0(h(z; z0))

� 2
�



Statistical test using MMD (3)

� Example: laplace distributions with di�erent variance
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Statistical test using MMD (4)

� When P = Q, U-statistic degenerate: Ez0[h(z; z0)] = 0 [Anderson et al., 1994]

� Distribution is

nMMD( x ; y ; F ) �
1X

l=1

� l
�
z2

l � 2
�

� where

{ zl � N (0; 2) i.i.d

{
R

X
~k(x; x 0)
| {z }
centred

 i (x)dP(x) = � i  i (x0)



Statistical test using MMD (4)

� When P = Q, U-statistic degenerate: Ez0[h(z; z0)] = 0 [Anderson et al., 1994]

� Distribution is
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� where

{ zl � N (0; 2) i.i.d

{
R

X
~k(x; x 0)
| {z }
centred

 i (x)dP(x) = � i  i (x0)

-2 -1 0 1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7
MMD density under H0

n´  MMD2

P
ro

b.
 d

en
si

ty

 

 

c2 sum
Empirical PDF



Statistical test using MMD (5)

� Given P = Q, want threshold T such that P(MMD > T) � 0:05

\MMD
2

= K P;P + K Q;Q � 2K P;Q
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Statistical test using MMD (5)

� Given P = Q, want threshold T such that P(MMD > T) � 0:05



Statistical test using MMD (5)

� Given P = Q, want threshold T such that P(MMD > T) � 0:05

� Permutation for empirical CDF [Arcones and Gin�e, 1992, Alba Fern�andez et al., 2008]

� Pearson curvesby matching �rst four moments [Johnson et al., 1994]

� Large deviation bounds [Hoe�ding, 1963, McDiarmid, 1989]

� Consistent test using kernel eigenspectrum[NIPS09b]



Statistical test using MMD (5)

� Given P = Q, want threshold T such that P(MMD > T) � 0:05

� Permutation for empirical CDF [Arcones and Gin�e, 1992, Alba Fern�andez et al., 2008]

� Pearson curvesby matching �rst four moments [Johnson et al., 1994]

� Large deviation bounds [Hoe�ding, 1963, McDiarmid, 1989]

� Consistent test using kernel eigenspectrum[NIPS09b]

-0.02 0 0.02 0.04 0.06 0.08 0.1
0

0.2

0.4

0.6

0.8

1
CDF of the MMD and Pearson fit

mmd

P
(M

M
D

 <
 m

m
d)

 

 

MMD
Pearson



Approximate null distribution of \MMD via permutation

Empirical MMD:

w = (1 ; 1; 1; : : : 1
| {z }

n

; � 1 : : : ; � 1; � 1; � 1
| {z }

n

)>

1
n2

P  2

4 K P;P K P;Q

K Q;P K Q;Q

3

5 �
�

ww>
� !

� \MMD
2



Approximate null distribution of \MMD via permutation

Permuted case: [Alba Fern�andez et al., 2008]

w = (1 ; � 1; 1; : : : 1
| {z }

n

; � 1 : : : ; 1; � 1; � 1
| {z }

n

)>

(equal number of +1 and � 1)

1
n2

P  2

4 K P;P K P;Q

K Q;P K Q;Q

3

5 �
�

ww>
� !

=
h
?

i



Approximate null distribution of \MMD via permutation

Permuted case: [Alba Fern�andez et al., 2008]

w = (1 ; � 1; 1; : : : 1
| {z }

n
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Figure thanks to Kacper Chwialkowski.



Approximate null distribution of \MMD
2

via permutation

\MMD
2
p �

1
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Detecting di�erences in brain signals

Do local �eld potential (LFP) signals change when measured near a spike

burst?

0 20 40 60 80 100
-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3
LFP near spike burst

Time

LF
P

 a
m

pl
itu

de

0 20 40 60 80 100
-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3
LFP without spike burst

Time

LF
P

 a
m

pl
itu

de



Neuro data: consistent test w/o permutation

� Maximum mean discrepancy(MMD): distance between P and Q

MMD( P; Q; F ) := k� P � � Qk2
F

� Is \MMD signi�cantly > 0?

� P = Q, null distrib. of \MMD:

n \MMD !
D

1X

l=1

� l (z2
l � 2);

{ � l is l th eigenvalue of

kernel ~k(x i ; x j )
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Spectral 
Permutation

Use Gram matrix spectrum for �̂ l : consistent test without permutation



Hypothesis testing with HSIC



Distribution of HSIC at independence

� (Biased) empirical HSIC a v-statistic

HSIC b =
1
n2 trace(KHLH )

{ Statistical testing: How do we �nd when this is larger enoughthat

the null hypothesis P = PxPy is unlikely?

{ Formally: given P = PxPy, what is the threshold T such that

P(HSIC > T) < � for small � ?



Distribution of HSIC at independence

� (Biased) empirical HSIC a v-statistic

HSIC b =
1
n2 trace(KHLH )

� Associated U-statistic degeneratewhen P = PxPy [Ser
ing, 1980] :

nHSICb
D!

1X

l=1

� l z2
l ; zl � N (0; 1)i:i:d:

� l  l (zj ) =
Z

hijqr  l (zi )dFi;q;r ; hijqr =
1
4!

( i;j;q;r )X

( t;u;v;w )

ktu l tu + ktu lvw � 2ktu l tv



Distribution of HSIC at independence

� (Biased) empirical HSIC a v-statistic

HSIC b =
1
n2 trace(KHLH )

� Associated U-statistic degeneratewhen P = PxPy [Ser
ing, 1980] :

nHSICb
D!

1X

l=1

� l z2
l ; zl � N (0; 1)i:i:d:

� l  l (zj ) =
Z

hijqr  l (zi )dFi;q;r ; hijqr =
1
4!

( i;j;q;r )X

( t;u;v;w )

ktu l tu + ktu lvw � 2ktu l tv

� First two moments [NIPS07b]

E(HSIC b) =
1
n

Tr Cxx Tr Cyy

var(HSIC b) =
2(n � 4)(n � 5)

(n)4
kCxx k2

HS kCyy k2
HS + O( n � 3):



Statistical testing with HSIC

� Given P = PxPy, what is the threshold T such that P(HSIC > T) < �

for small � ?

� Null distribution via permutation [Feuerverger, 1993]

{ Compute HSIC for f x i ; y� ( i )gn
i =1 for random permutation � of indices

f 1; : : : ; ng. This gives HSIC for independent variables.

{ Repeat for many di�erent permutations, get empirical CDF

{ Threshold T is 1 � � quantile of empirical CDF



Statistical testing with HSIC

� Given P = PxPy, what is the threshold T such that P(HSIC > T) < �

for small � ?

� Null distribution via permutation [Feuerverger, 1993]

{ Compute HSIC for f x i ; y� ( i )gn
i =1 for random permutation � of indices

f 1; : : : ; ng. This gives HSIC for independent variables.

{ Repeat for many di�erent permutations, get empirical CDF

{ Threshold T is 1 � � quantile of empirical CDF

� Approximate null distribution via moment matching [Kankainen, 1995] :

nHSICb(Z ) �
x � � 1e� x=�

� � �( � )

where

� =
(E(HSICb))2

var(HSICb)
; � =

var(HSICb)
nE(HSICb)

:



Experiment: dependence testing for translation

Are the French text extracts translations of English?
X 1: Honourable senators, I have a question for
the Leader of the Government in the Senate with
regard to the support funding to farmers that has
been announced. Most farmers have not received
any money yet.

Y1: Honorables s�enateurs, ma question
s'adresse au leader du gouvernement au S�enat
et concerne l'aide �nanci�ere qu'on a annonc�ee
pour les agriculteurs. La plupart des agriculteurs
n'ont encore rien reu de cet argent.

X 2: No doubt there is great pressure on provin-
cial and municipal governments in relation to the
issue of child care, but the reality is that there
have been no cuts to child care funding from the
federal government to the provinces. In fact,
we have increased federal investments for early
childhood development.

� � �

?()

Y2:Il est �evident que les ordres de gouverne-
ments provinciaux et municipaux subissent de
fortes pressions en ce qui concerne les ser-
vices de garde, mais le gouvernement n'a pas
r�eduit le �nancement qu'il verse aux provinces
pour les services de garde. Au contraire, nous
avons augment�e le �nancement f�ed�eral pour le
d�eveloppement des jeunes enfants.

� � �
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� (Biased) empirical HSIC:

HSIC b =
1
n2 trace(KHLH )

� Translation example: [NIPS07b]

Canadian Hansard

(agriculture)

� 5-line extracts,

k-spectrum kernel, k = 10,

repetitions=300,

sample size 10
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� k-spectrum kernel: averageType II error 0 (� = 0 :05)



Experiment: dependence testing for translation

� (Biased) empirical HSIC:

HSIC b =
1
n2 trace(KHLH )

� Translation example: [NIPS07b]

Canadian Hansard

(agriculture)

� 5-line extracts,

k-spectrum kernel, k = 10,

repetitions=300,

sample size 10

+

K

) HSIC (

+

L

� k-spectrum kernel: averageType II error 0 (� = 0 :05)

� Bag of words kernel: averageType II error 0 :18



Summary

� MMD a distance between distributions [ISMB06, NIPS06a, JMLR10, JMLR12a]

{ high dimensionality

{ non-euclidean data (strings, graphs)

{ Nonparametric hypothesis tests

� Measure and testindependence[ALT05, NIPS07a, NIPS07b, ALT08, JMLR10, JMLR12a]

� Characteristic RKHS: MMD a metric [NIPS07b, COLT08, NIPS08a]

{ Easy to check: does spectrum coverRd
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What is a hard testing problem?

� First version: for �xed m, \closer" P and Q have higher Type II error
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More general local departures from null

� Example: f P and f Q probability densities, f Q = f P + �g , where � 2 R, g

some�xed function such that f Q is a valid density
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Local departures from the null

What is a hard testing problem?

� As we see more samplesm, distinguish \closer" P and Q with same

Type II error

� Example: f P and f Q probability densities, f Q = f P + �g , where � 2 R, g

some�xed function such that f Q is a valid density

{ If � � m� 1=2, Type II error approaches a constant

� ...but other choices also possible { how to characterize them all?



Local departures from the null

What is a hard testing problem?

� As we see more samplesm, distinguish \closer" P and Q with same

Type II error

� Example: f P and f Q probability densities, f Q = f P + �g , where � 2 R, g

some�xed function such that f Q is a valid density

{ If � � m� 1=2, Type II error approaches a constant

� ...but other choices also possible { how to characterize them all?

General characterization of local departures fromH 0:

� Write � Q = � P + gm , where gm 2 F chosen such that� P + gm a valid

distribution embedding

� Minimum distinguishable distance [JMLR12]

kgm kF = cm� 1=2



More general local departures from null

� More advanced exampleof a local departure from the null

� Recall: � Q = � P + gm , and kgm kF = cm� 1=2
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Kernels vs kernels

� How does MMD relate to Parzen density estimate? [Anderson et al., 1994]

f̂ P(x) =
1
m

mX

i =1

� (x i � x) ; where � satis�es
Z

X
� (x) dx = 1 and � (x) � 0:
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f̂ P(x) =
1
m

mX

i =1

� (x i � x) ; where � satis�es
Z

X
� (x) dx = 1 and � (x) � 0:

� L 2 distance between Parzen density estimates:
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Kernels vs kernels

� How does MMD relate to Parzen density estimate? [Anderson et al., 1994]

f̂ P(x) =
1
m

mX

i =1

� (x i � x) ; where � satis�es
Z

X
� (x) dx = 1 and � (x) � 0:

� L 2 distance between Parzen density estimates:

D2(f̂ P; f̂ Q)2 =
Z "

1
m

mX

i =1

� (x i � z) �
1
m

mX

i =1

� (yi � z)

#2

dz

=
1

m2

mX

i;j =1

k(x i � x j ) +
1

m2

mX

i;j =1

k(yi � yj ) �
2

m2

mX

i;j =1

k(x i � yj );

where k(x � y) =
R

� (x � z)� (y � z)dz

� f Q = f P + �g , minimum distance to discriminate f P from f Q is

� = ( m) � 1=2h� d=2
m , where hm is width of � .
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Characteristic Kernels (via universality)

Characteristic: MMD a metric (MMD = 0 i� P = Q) [NIPS07b, COLT08]

Classical result: P = Q if and only if EP(f (x)) = EQ(f (y)) for all f 2 C(X ),

the space of bounded continuous functions onX [Dudley, 2002]

Universal RKHS: k(x; x 0) continuous, X compact, and F dense inC(X ) with

respect to L 1 [Steinwart, 2001]

If F universal, then MMD f P; Q; F g = 0 i� P = Q



Characteristic Kernels (via universality)

Proof:

First, it is clear that P = Q implies MMD f P; Q; F g is zero.

Converse:by the universality of F , for any given � > 0 and f 2 C(X ) 9g 2 F

kf � gk1 � �:



Characteristic Kernels (via universality)

Proof:

First, it is clear that P = Q implies MMD f P; Q; F g is zero.

Converse:by the universality of F , for any given � > 0 and f 2 C(X ) 9g 2 F

kf � gk1 � �:

We next make the expansion

jEPf (x) � EQf (y)j � j EPf (x) � EPg(x)j+ jEPg(x) � EQg(y)j+ jEQg(y) � EQf (y)j :

The �rst and third terms satisfy

jEPf (x) � EPg(x)j � EP jf (x) � g(x)j � �:



Characteristic Kernels (via universality)

Proof (continued):

Next, write

EPg(x) � EQg(y) = hg(�); � P � � Qi F = 0 ;

since MMD f P; Q; F g = 0 implies � P = � Q. Hence

jEPf (x) � EQf (y)j � 2�

for all f 2 C(X ) and � > 0, which implies P = Q.
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